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Using the Navarro-Frenk-White (NFW) dark matter density profile we reconstruct an effective
field theory model for gravity at large distances from a central object by demanding that the vacuum
solution has the same gravitational properties as the NFW density profile has in the context of
General Relativity (GR). The dimensionally reduced reconstructed action for gravity leads to a
vacuum metric that includes a modified Rindler acceleration term in addition to the Schwarzschild
and cosmological constant terms. The new term is free from infrared curvature singularities and
leads to a much better fit of observed galaxy velocity rotation curves than the corresponding simple
Rindler term of the Grumiller metric [1, 2], at the expense of one additional parameter. When
the new parameter is set to zero the new metric term reduces to a Rindler constant acceleration
term. We use galactic velocity rotation data to find the best fit values of the parameters of the
reconstructed geometric potential and discuss possible cosmological implications.
I. INTRODUCTION
General Relativity (GR) is the simplest successful the-
ory for gravity. It is consistent with the vast majority of
experiments and observations from sub-mm scales up to
cosmological horizon scales [3, 4]. Alternative theories of
gravity include more degrees of freedom and parameters
which are strongly constrained by a wide range of experi-
ments and astrophysical/cosmological observations to be
very close to the values predicted by GR (see e.g. [5–8]).
Despite of its successes and simplicity, GR requires
additional undetected matter/energy components to ex-
plain observations on galactic scales or larger. In partic-
ular, the existence of dark matter [9–15] is required for
the description of observed dynamics and structure for-
mation on galactic scales or larger while dark energy with
negative pressure or a fine tuned cosmological constant
(see Ref. [16] for a review) is required for the consistency
of GR with the observed accelerating cosmic expansion
[17–19]. Even on solar system scales or sub-mm scales
there have been hints of possible inconsistency of the the-
ory with particular observations (e.g. Pioneer anomaly
[20–24]) or short range gravity experiments (peculiar os-
cillating signals in some datasets [25, 26]). In addition,
the theory predicts the existence of unphysical singulari-
ties in a wide range of its solutions which should describe
physical phenomena.
Any observed inconsistency between the geometric left
hand side (LHS) of the Einstein equation and the matter-
energy right hand side (RHS) is thus usually addressed
by modifying the RHS through the conservative assump-
tion of some yet undetected form of matter-energy chosen
in such a way as to restore the equality of the geomet-
ric and matter parts of the Einstein equation. A more
fundamental approach is to modify the geometric LHS
∗ leandros@uoi.gr
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of the Einstein which is equivalent to modifying the fun-
damental action of the gravitational theory. There is a
wide range of modified gravity models aiming at the ex-
planation of the accelerating expansion of the universe
[27–30]. Such theories include scalar tensor theories [31–
34] including the most general class of Horndeski models
[35, 36], f(R) theories [37–42] which generalize the Ricci
scalar R of the action to a general function f(R), gen-
eralized teleparallel gravity f(T ) theories [43–46] which
generalize the torsion scalar T of the action to a general
function of it, non-local gravity theories [47–49] which
introduce nonlocal operators in the gravitational action
which involve effectively an infinite sum of derivatives
etc. On the other hand, modified gravity models aiming
at the explanation of the dynamics of matter at galactic
and cluster scales without dark matter are much more
limited [50, 51]. This is due to the very diverse nature
of matter dynamical behaviors that need to be explained
which appears to require a large number of parameters
for the fundamental theory that would attempt to ex-
plain it without dark matter. The main representative of
this class of theories is the modified Newtonian Dynam-
ics (MOND) theory [52–54] based on the existence of a
fundamental acceleration scale which has been recently
shown however to be highly unlikely to exist [55].
An alternative approach towards a geometric funda-
mental description of the dynamics of matter on galac-
tic and cluster scales without dark matter has been pro-
posed by Grumiller [1, 2]. Assuming spherical symmetry
of the metric and implementing dimensional reduction of
the Einstein Hilbert action to two space-time dimensions
(t − r) it was shown that the emerging 2-dimensional
scalar tensor effective field theory action with a constant
potential can be generalized to include a non-trivial po-
tential. The simplest form of this potential with no in-
frared curvature singularities, leads to a generic Rindler
constant acceleration term in the vacuum spherically
symmetric metric of the new theory [1]. It has been
shown recently [56] that such a term in the background
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2metric can give rise to a new type of metastable topo-
logical defects (spherical domain walls). It was also ar-
gued that such a term can give rise to the observed ve-
locity rotation curves of galaxies without incorporating
dark matter [57]. It was later shown [58, 59] however
that the Rindler term is only able to provide acceptable
fits to a relatively small number of observed velocity ro-
tation curves which is limited to those rotation curves
where the velocity continues to increase with distance
through the halo. Such a behavior is not typical for most
rotation curves which are either flat [12–14] or in fact
tend to decrease with distance at large distances from
the galactic core [60]. Thus, the Rindler acceleration
even though it is appealing due to its possible fundamen-
tal geometric origin, does not provide enough degrees of
freedom to describe the data in contrast to the commonly
used dark matter density profiles (Navarro-Frenk-White
[61, 62] and Burkert [63]) which provide excellent fits to
the rotation curve data. Thus, the following questions
arise:
• Is it possible to generalize the fundamental 2-
dimensional geometric effective action (and its
scalar field potential emerging from dimensional re-
duction) such that the corresponding vacuum spher-
ically symmetric metric reproduces the observed ve-
locity rotation curves equally well as the standard
dark matter density profiles?
• If yes, what is the form of the required geometric
scalar field potential and how is it related to the
simple Rindler potential of Refs. [1, 2]
• Can an arbitrary vacuum spherically symmetric
metric be reproduced by a properly selected geomet-
ric scalar field potential?
The goal of the present analysis is to address these ques-
tions using both theoretical reconstruction of the funda-
mental action and direct comparison with specific veloc-
ity rotation data.
The structure of this paper is the following: In the next
section we consider a class of simple spherically symmet-
ric metrics in 3 + 1 dimensions and identify the profiles
and properties of the perfect fluids that can give rise to
such metrics. In section III we assume spherical symme-
try and use it to dimensionally reduce the 3 + 1 dimen-
sional Einstein-Hilbert action to an effective two dimen-
sional scalar-tensor action with a constant potential. We
generalize this geometric potential thus modifying the
gravitational action to an arbitrary form and derive the
corresponding generalized vacuum spherically symmetric
metric in terms of the geometric potential. In section
IV we consider special forms of the geometric potential
and of the background fluid and derive the correspond-
ing metric. Thus the case of a constant potential (GR)
we derive the Schwarzschild vacuum metric while for a
simple quadratic potential we obtain the Rindler acceler-
ation and cosmological constant terms in agreement with
Ref. [1]. We also reconstruct the geometric potential that
leads to a vacuum metric that is identical with the met-
ric derived assuming a given dark matter fluid density
profile in the context of GR. In the context of a partic-
ular example we assume a Navarro-Frenk-White (NFW)
[61, 62] density profile and derive the corresponding geo-
metric potential and vacuum metric. We show that this
metric generalizes the Rindler term of the Grumiller met-
ric and show fits of the velocity profiles it generates on
typical galactic velocity rotation data. In what follows
we assume a metric signature +−−−.
II. SPHERICALLY SYMMETRIC METRICS IN
GR AND PERFECT FLUIDS
Consider the spherically symmetric metric in 4-
dimensions of the form
ds2 = f(r)dt2 − f(r)−1dr2 − r2(dθ2 + sin2θdφ2) (2.1)
What is the most general form of perfect fluid energy mo-
mentum tensor that is consistent with this metric in the
context of GR?
In order to address this question we set
f(r) = 1− g(r) (2.2)
and obtain the Einstein tensor corresponding to this met-
ric as
Gνµ =
e1(r) 0 0 00 e1(r) 0 00 0 e2(r) 0
0 0 0 e2(r)
 (2.3)
with
e1(r) =
g(r)
r2
+
g′(r)
r
(2.4)
e2(r) =
g′(r)
r
+
g′′(r)
2
(2.5)
Using eqs.(2.4), (2.5) and the Einstein equations Gµν =
κTµν we find
ρ(r) = −pr(r) = 1
κr
[
g(r)
r
+ g′(r)] (2.6)
pθ(r) = pφ(r) = − 1
2κr
[2g′(r) + rg′′(r)] (2.7)
where κ = 8piG and the energy momentum tensor of the
perfect fluid is
T νµ = diag [ρ(r),−pr(r),−pθ(r),−pφ(r)] (2.8)
Expanding g(r) as a power series
f(r) = 1−
N∑
n=−N
anr
n (2.9)
the Einstein tensor may be expressed as [56]
3Gµν =
N∑
n=−N

an(n+ 1)r
n−2 0 0 0
0 an(n+ 1)r
n−2 0 0
0 0 12ann(n+ 1)r
n−2 0
0 0 0 12ann(n+ 1)r
n−2
 (2.10)
Therefore, the energy - momentum tensor supporting the
metric function (2.9) is
T 00 =
1
κ
N∑
n=−N
an(1 + n)r
n−2 = ρ (2.11)
T rr = T
0
0 = −pr (2.12)
T θθ =
1
2κ
N∑
n=−N
ann(1 + n)r
n−2 = −pθ (2.13)
Tφφ = T
θ
θ = −pφ (2.14)
As expected the term n = −1 (Schwarzschild metric)
corresponds to the vacuum solution (ρ = p = 0) while for
n = 2 we have the cosmological constant term (constant
energy density-pressure). The Rindler constant acceler-
ation term n = 1 is generated by a perfect fluid with
ρ =
2a1
κr
= −pr = −2pθ = −2pφ (2.15)
For n = 0 (constant term in the metric function) we
have the case of a global monopole (zero angular pressure
components and energy density ∼ r−2 [64–68]). Thus
any power law term of the spherically symmetric metric
function g(r) can be generated by a corresponding power
law term of the energy momentum tensor of a perfect
fluid provided that its radial pressure equation of state
parameter wr is −1 and there is equality between the
angular pressure components.
The question we address in the next section is the fol-
lowing: Can the spherically symmetric metric (2.1) also
emerge as a vacuum solution in a modified gravity the-
ory? In other words, given a spherically symmetric fluid
and its corresponding metric in the context of GR, what
is the spherically symmetric modified gravity theory that
leads to the same metric as its vacuum solution?
III. MODIFYING SPHERICALLY SYMMETRIC
GR THROUGH DIMENSIONAL REDUCTION
Consider the generalization of the spherically symmet-
ric metric (2.1) to a d-dimensional form
ds2 = f(r)dt2 − f(r)−1dr2 − Φ(r)2dΩ (3.1)
where Φ(r) denotes the the surface radius and dΩ is the
solid angle in d − 2 dimensions. The Einstein-Hilbert
gravitational action describing the dynamics of the met-
ric (3.1) in the context of GR is of the form
S =
1
2κd
∫
ddx
√
−g(d)R(d) +
∫
ddx
√
−g(d)L(d)M (3.2)
where R(d) is the Ricci scalar in d dimensions and L(d)M
is the matter Lagrangian density assumed to describe a
spherically symmetric perfect fluid. It is straightforward
to show using the metric (3.1) that the d−dimensional
Ricci scalar can be expressed in terms of the correspond-
ing 2-dimensional (t− r) scalar as [69]
R(d) = R(2)− (d− 2)(d− 3)
Φ2
[
1 + (∂Φ)2
]−2(d− 2)
Φ
∇b∂bΦ
(3.3)
while for the d-dimensional spherically symmetric metric
determinant we have√
−g(d) = Φd−2
√
−g(2) (3.4)
Using eqs (3.3) and (3.4) in (3.2) we may intergate triv-
ially over the angular coordinates and dimensionally re-
duce this action to a 2-dimensional (t − r) scalar-tensor
action of the form
S =
Vd−2
2κd
∫
d2x
√
−g(2)
[
Φd−2R(2) + (d− 2)(d− 3)Φd−4(∂Φ)2 − (d− 2)(d− 3)Φd−4
]
+ Vd−2
∫
d2x
√
−g(2)L(2)M
(3.5)
where Vd−2 is the d − 2 dimensional angular volume
which is equal to 4pi for d = 4. For d = 4 the 2-
dimensional action takes the form
S =
1
4G
∫
d2x
√
−g(2)
[
Φ2R(2) + 2(∂Φ)2 − 2
]
+ S
(2)
M
(3.6)
A modification of spherically symmetric GR can be im-
4plemented at this stage by generalizing the effective di- mensionally reduced GR action (3.6) to a general scalar
tensor action [70, 71] of the form
S =
1
4G
∫
d2x
√
−g(2)
[
F (Φ)R(2) − Z(Φ)(∂Φ)2 − 2V (Φ)
]
+ S
(2)
M (3.7)
where F (Φ), Z(Φ), V (Φ) are arbitrary functions of the
field Φ1
The origin of this generalized scalar tensor action
(3.7) could either come from physics at the effective 2-
dimensional (t− r) level or could emerge through dimen-
sional reduction of a spherically symmetric scalar tensor
theory.
In particular consider the d-dimensional scalar-tensor
action
S =
1
2κd
∫
ddx
√
−g(d)
[
χ(Φ)R(d) − ζ(Φ)(∂Φ)2 − U(Φ)
]
+ S
(d)
M (3.8)
which for χ(Φ) = 1 , ζ(Φ) = 0 and U(Φ) = 0 reduces to
the Einstein - Hilbert action (3.2). It is straightforward
to show that the action (3.8) can be dimensionally re-
duced using spherical symmetry and the metric (3.1) to
the 2-dimensional action
S = Vd−22κd
∫
d2x
√
−g(2){χ(Φ)Φd−2R(2) + [(d− 2)(d− 3)χ(Φ)Φd−4 + 2(d− 2)χ′(Φ)Φd−3
−ζ(Φ)Φd−2](∂Φ)2 − (d− 2)(d− 3)χ(Φ)Φd−4 − Φd−2U(Φ)}+ S(2)M
(3.9)
where the prime (′) denotes derivative with respect to the surface radius field Φ. Clearly for d = 4 the action (3.9)
reduces to (3.7) by setting
F (Φ) = χ(Φ)Φ2 (3.10)
Z(Φ) = −2χ(Φ)− 4χ′(Φ)Φ + ζ(Φ)Φ2 (3.11)
V (Φ) = χ(Φ) +
Φ2
2
U(Φ) (3.12)
In what follows we set d = 4. Variation of the action (3.7) with respect to Φ leads to the equation of motion (EOM)
F ′(Φ)R(2) + Z ′(Φ)(∂Φ)2 + 2Z(Φ)∇b∂bΦ− 2V ′(Φ) = −2GδL
(2)
M
δΦ
(3.13)
and variation with respect to gµν leads to the EOM
[∇µ∂ν − gµν∇a∂a]F (Φ) + Z(Φ)
[
∂µΦ∂νΦ− 1
2
gµν(∂Φ)
2
]
= gµνV (Φ)− 2GT (2)µν (3.14)
1 Note that for the dimensionally reduced metric Φ(r) can be con-
sidered as a scalar field (up to a dimensionful parameter) in cor-
respondence with e.g. the radion field which is an effective scalar
5Using the 2-dimensional metric
ds2 = f(r)dt2 − f(r)−1dr2 (3.15)
it is straightforward to show that the 2-dimensional Ricci
scalar is of the form
R(2) =
d2f
dr2
(3.16)
Using L(2)M = T = ρ(2) − p(2)r [73], eq. (3.16) and the
ansatz Φ = r in eq.(3.13) we obtain the EOM
f ′′F ′ − 2Zf ′ − Z ′f − 2V ′ = −2G(ρ′(2) − p′(2)r ) (3.17)
where ρ(2) and p
(2)
r are the 2-dimensional density and
pressure respectively and the prime (′) denotes derivative
with respect to r.
Also for µ = ν = 0 in eq. (3.14) we obtain (with the
same ansatz for Φ)
f ′F ′ + 2fF ′′ + Zf − 2V = −4Gρ(2) (3.18)
Similarly for µ = ν = 1 eq. (3.14) gives
f ′F ′ − Zf − 2V = 4Gp(2)r (3.19)
The system eqs. (3.17)-(3.19) is overdetermined since
there is only one unknown function f(r). Thus for a
solution to exist eqs. (3.17)-(3.19) must be equivalent to
each other (up to a constant of integration). It may be
shown that this consistency requires that
Z = −F ′′ ρ(2) = −p(2)r (3.20)
Indeed using eqs. (3.20), the system eqs. (3.17)-(3.19) is
equivalent to a single equation
f ′F ′ + fF ′′ − 2V = −4Gρ(2) = 4Gp(2)r (3.21)
The general equation (3.21) connects the metric func-
tion f with the geometric potential V emerging from
dimensional reduction and the nonminimal coupling F
in the presence of a static spherically symmetric perfect
fluid whose equation of state parameter is −1. Thus,
any spherically symmetric metric of the form (2.1) can
emerge either due to an appropriate perfect fluid or as a
vacuum solution of dimensionally reduced modified grav-
ity with properly selected nonminimal coupling F and/or
potential V .
In what follows we focus on modifications of GR due
to the geometric potential V and fix F to the GR form
field in 4-dimensions describing the dynamics of extra dimensions
in a cosmological setup [72] in the context of an effective scalar
tensor theory in 4-dimensions.
F = Φ2 implying Z = −2 (from eq. (3.20)). Then eq.
(3.21) becomes
rf ′ + f − V = −2Gρ(2) = 2Gp(2)r (3.22)
In order to quantify deviations from GR we set
f(r) = 1− g(r) (3.23)
V (Φ) = 1 + V1(Φ) (3.24)
and expressing the dimensionally reduced density ρ(2) in
terms of its 4-dimensional counterpart ρ as
ρ(2)(r) = 4piΦ2ρ(r) (3.25)
in eq. (3.22), we obtain
ρtot(r) = ρm(r) + ρV (r) =
1
κr
[
g(r)
r
+ g′(r)
]
(3.26)
where the geometric effective energy density is defined as
ρV (r) ≡ −V1(Φ)
κr2
(3.27)
Therefore the generalization of the scalar-tensor potential
leads to an effective energy density of geometric origin
which generates the same spherically symmetric metric as
a corresponding spherically symmetric perfect fluid with
equation of state parameter w = −1 and energy den-
sity ρm(r) = ρV (r). This derived equivalence between
geometric and matter energy density allows the recon-
struction of the geometric potential by demanding that
its gravitational effects in the vacuum should be identical
with the gravitational effects of a given matter fluid in
the context of GR. This reconstruction from a realistic
dark matter profile will be the main focus of the next
section.
IV. SPECIAL CASES - RECONSTRUCTION OF
GRAVITATIONAL ACTION
IV.1. Vacuum GR and Grumiller’s gravity model
A special case of the geometric potential introduced
in the previous section has been considered by Grumiller
[1, 2]. In particular, the following dimensionally reduced
action was investigated
S =
1
4G
∫
d2x
√
−g(2)[Φ2R(2)+2(∂Φ)2+6ΛΦ2−8αΦ−2]
(4.1)
This is a special case of the general action (3.7) with the
GR coupling F = Φ2, Z = −2 and a geometric potential
of the form
V (Φ) = 1 + 4αΦ− 3ΛΦ2 (4.2)
The ansatz Φ = r and our general reconstruction equa-
tion (3.26) leads to the Schwarzschild-Rindler-deSitter
metric function as a vacuum solution (ρm = 0)
f(r) = 1− 2GM/r + 2αr − Λr2 (4.3)
6in agreement with Grumiller’s metric [1].
The main advantages of the Grumiller potential (4.2)
include its simplicity and its generic nature as it involves
terms that dominate at large distances while at the same
time it does not lead to any curvature singularities at
infinity where the Ricci scalar (3.16) remains finite. On
the other hand the metric function (4.3) has been used to
reconstruct the velocity profiles of galaxies without dark
matter with mixed results [57–59]. Even though it was
found that the constant acceleration Rindler term can
provide satisfactory fits to the observed velocity rotation
curves of some galaxies in regions where these curves are
rising with distance it became clear that for universal
fits more parameters are needed in the potential. Such
parameters however should be introduced in a way that
is most efficient phenomenologically i.e. inspired from
observed dark matter density profiles while at the same
time they preserve the advantages of the Grumiller po-
tential (simplicity and lack of large scale singularities).
Using these principles in the next subsection we general-
ize the Grumiller geometric potential by demanding that
the new potential reproduces in the vacuum the gravita-
tional effects of a well known dark matter density profile
parametrization: the Navarro-Frenk-White density pro-
file [61, 62].
IV.2. Reconstruction of Geometric Potential
The Navarro-Frenk-White (NFW) profile [61, 62] can
give good fits to a wide range of observed rotation curves
of galaxies in the context of general relativity (GR). It is
of the form
ρNFW (r) =
ρo
r
Rs
(1 + rRs )
2
(4.4)
where the scale radius Rs and ρo are parameters which
vary from halo to halo.
The GR gravitational effects of this profile can be re-
produced in the vacuum of a modified gravity model with
a geometric potential reconstructed using eq (3.27) as
ρV (r) ≡ −V1(Φ)
κr2
= ρNFW (r) (4.5)
which leads to a potential of the form
V (Φ) = 1 +
4αΦ
(1 + βΦ)2
(4.6)
with β = 1Rs and α = 2piGρoRs. This potential reduces
to the Rindler-Grumiller potential [1] for β = 0. The new
parameter β introduces no large scale curvature singular-
ities while it is designed to maximize the efficiency of fits
to the observed rotation curves to the extend that such
fit is obtained by the NFW density profile in the context
of GR. Also the above potential reconstruction method
can be easily generalized for any other density profile.
Solving eq. (3.26) in the vacuum (ρm = 0) with the
geometric density ρV obtained from the reconstructed
potential (4.6) we obtain the term g(r) of the metric func-
tion
g(r) =
C
r
−
4α[ 11+βr + ln(1 + βr)]
β2r
(4.7)
where C is a constant of integration. Expansion of g(r)
of eq. (4.7) as a power series demonstrates that this met-
ric function is a generalization of the Rindler-Grumiller
metric function (4.3) for Λ = 0
g(r) =
C − 4αβ2
r
− 2αr + 8
3
αβr2 +O(r)3 (4.8)
which after a redefinition of the integration constant C
clearly reduces to the Rindler-Grumiller metric function
for βr  1. Setting C = 2GM + 4αβ2 and using (3.23),
the metric function f(r) becomes
f(r) = 1− 2GM
r
− 4α
1− 11+βr − ln(1 + βr)
β2r
(4.9)
which generalizes the Grumiller metric (4.3) with one
additional parameter (β) and is based on the geometric
potential reconstructed from the NFW density profile. In
the next subsection we check the efficiency of this metric
in fitting two representative observed velocity rotation
curves. The quality of fit will also be compared with the
corresponding fit of of the Rindler-Grumiller metric [1].
IV.3. Fitting Velocity Rotation Curves
It is straightforward to show that the radial timelike
geodesics in a backround metric of the form (2.1) may be
written as
1
2
(
dr
dτ
)2
+ V eff =
k2
2
(4.10)
where k is a constant,
V eff =
f(r)
2
(
1 +
l2
r2
)
(4.11)
is the effective potential and l is the constant angular
momentum per unit mass.
In the special case of the vacuum Schwarzschild-
Rindler-deSitter metric function (4.3) the effective po-
tential reads
V eff = −GM
r
+
l2
2r2
− GMl
2
r3
− Λr
2
2
+ αr
(
1 +
l2
r2
)
(4.12)
In what follows we set Λ = 0 since the effects of the
cosmological constant can be ignored on galactic scales.
For the metric function (4.9) emerging from the NFW
reconstructed potential (4.6) we have
7(α,β)=(0.001,0)
(α,β)=(0.001,0.03)(α,β)=(0,0)(α,β)=(-0.001,0.03)
(α,β)=(-0.001,0)
0 50 100 150 200
-0.20
-0.15
-0.10
-0.05
0.00
0.05
0.10
0.15
r
V
ef
f
(r)
FIG. 1. The effective potential (4.13) that determines the velocity rotation curves for parameter values l = 10, M = 2. The
GR prediction (continous blue line) is obtained for α = 0 while the upper and lower red short-dashed lines correspond to the
Rindler metric (β = 0) with α > 0 and α < 0 respectively. The upper and lower pink long-dashed lines correspond to the
metric of the reconstructed potential (β > 0) for α > 0 and α < 0 respectively. In the later cases the GR prediction is obtained
for large enough values of r.
V eff = −GM
r
+
l2
2r2
− GMl
2
r3
− 2α
β2r
[
1− 1
1 + βr
− ln(1 + βr)
](
1 +
l2
r2
)
(4.13)
where we have dropped the constant terms on the RHS
of eqs. (4.12) and (4.13). A plot of this effective poten-
tial for various values of parameters is shown in Fig. 1.
The predicted rotation velocities of test particles may be
approximated as
υ2(r) ' r|∂V
eff
∂r
|l=0 (4.14)
where we have set l = 0 to avoid double counting of the
angular momentum [59]. Thus for the Schwarzschild-
Rindler metric in the dark matter halo we have [1, 74]2
υ2(r) =
GM
r
+ αr (4.15)
where M is the luminous mass in the galactic core. For
the velocity profile corresponding to the NFW recon-
structed potential (4.13) we have
υ2(r) =
GM
r
+
2α
β2r
[
1 +
βr − 1
1 + βr
− βr
(1 + βr)2
− ln(1 + βr)
]
(4.16)
The predicted rotation velocities (4.15), (4.16) can also
be derived from the effective potentials (4.12) and (4.13)
2 For further developments of this velocity profile see [75, 76]
assuming circular motion. Setting
dV eff
dr
= 0 (4.17)
solving (4.17) for the angular momentum l = υr and ig-
noring higher order terms. For example for the Grumiller
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FIG. 2. The best fit forms of the velocity profiles (4.15) (red dashed curve) and (4.16) (green continuous curve) on the observed
halo profiles (thick dots) of two typical galaxies (S:610359 left panel and S:702916 right panel). The blue continuous shows the
fit of GR without dark matter which is clearly poor.
effective potential (4.12) we obtain
υ2(r) ' GM
r
+ αr + 2GMα+
3G2M2
r2
− α2r2 (4.18)
which reduces to (4.15) if we ignore higher order terms
in M and α.
The rotation curve is the sum of the following three
terms expressed by
υ2(r) = υ2G(r) + υ
2
S(r) + υ
2
GM (r) (4.19)
where υ2G(r), υ
2
S(r) and υ
2
GM (r) are the different con-
tributions in velocity of gas, stars and gravitational
model (Rindler-Grumiller or recostructed potential)
respectively. The term υ2GM (r) gives rise to the velosity
rotation curves of galaxies without incorporating dark
matter halo. We assume that the density (of gas and
stars) drops to zero at rmin. Thus, in our analysis,
we use data in the range rmin < r < rmax and for
a total mass M we obtain the best fit forms of the
velocity profiles corresponding the Rindler-Grumiller
and reconstructed geometric potential.
In Fig. 2 we show the best fit forms of the velocity
profiles (4.15) (red dashed curve) and (4.16) (green con-
tinuous curve) on the observed halo profiles (thick dots)
of two typical galaxies (S:610359 left panel and S:702916
right panel). Velocity rotation data were obtained from
the ’S-sample’ of Ref. [77]. The S:610359 [78] (also
known as UGC 10359) has a typical rising velocity profile
and is a SB(s)cdpec3 galaxy from Gassendi HAlpha sur-
vey of SPirals (GHASP) [80]. The spiral galaxy S:702916
[78] (also known as UGS 2916) has a flat and slowly drop-
ing velocity profile and is a Sab4 galaxy from early type
galaxies survey [81].
Clearly the velocity profile corresponding to the recon-
structed geometric potential provides a much better fit
to the data for both observed velocity profiles and espe-
cially for the flat velocity profile. This is demonstrated
quantitatively by the adjusted R2 statistic [82–84] which
measures the quality of fit of a parametrization to a given
set of data penalizing also for increased number of param-
eters. As shown in Table I, the value of the adjusted R2
is much closer to its optimal value 1 in the case of the
velocity profile corresponding the reconstructed geomet-
ric potential than the Grumiller Rindler potential or the
simple Newtonian potential without dark matter. In Ta-
ble I we also show the best fit values of parameters for
each fitted velocity profile which in the case of Rindler
potential agrees with previous studies [2, 59, 85, 86]. No-
tice that the best fir value of α for the reconstructed
potential is α < 0 with is consistent with eq. (4.5) and
the fact that ρNFW > 0.
3 A late-type barred peculiar spiral galaxy. It have well-developed,
open, and knotty spiral arms with little or no bulge and without
rings structures (see Ref.[79] for morphology types of galaxies)
4 An intermediate-type unbarred spiral galaxy with tightly-
wrapped spiral arms and a significant bulge (see Ref.[79])
9Grumiller-Rindler Potential Reconstructed Potential
Galaxy α M R2 α β M R2
[×10−11 m
s2
] [×1010M] [×10−9 ms2 ] [×10−20m−1] [×1010M]
S : 610359 7.90± 0.36 0.01± 0.02 0.959 −4.10± 0.16 3.17± 0.13 0.32± 0.02 0.983
S : 702916 4.64± 0.55 4.11± 0.47 0.923 −4.78± 0.38 1.79± 0.12 3.72± 0.27 0.998
TABLE I. The best fit values of parameters and the corresponding value of the adjusted R2 of the velocity profiles (4.15) and
(4.16) on the observed halo profiles of two typical galaxies S:610359 and S:702916 (rotation curve data obtained from [77]).
V. DISCUSSION - OUTLOOK
We have used dimensional reduction of spherically
symmetric gravity to construct a modified gravity model
whose vacuum spherically symmetric metric has the same
gravitational effects as the NFW dark matter density
profile in GR. The model is a generalization of the Gru-
miller model whose vacuum spherically symmetric met-
ric includes a Rindler term in addition to the standard
Schwarzschild and cosmological constant terms. We have
also shown that for any spherically symmetric perfect
fluid with proper equation of state (w = −1) there is a
modified gravity model, defined by a geometric potential,
whose spherically symmetric vacuum metric is the same
as the GR metric in the presence of the given fluid.
In particular we have shown that in order to reproduce
the GR gravitational effects of the NFW density profile
in the vacuum, the reconstructed dimensionally reduced
geometric potential is of the form V (Φ) = 1 + 4αΦ/(1 +
βΦ)2 − 3ΛΦ2 where α, β are parameters and Φ(r) is a
field emerging from dimensional reduction. In the limit
β → 0 this geometric potential reduces to the Grumiller
potential (4.2) [1, 2].
The reconstructed potential has the following interest-
ing features:
• It leads to a vacuum metric that provides signif-
icantly better fits to the velocity rotation profiles
than the Grumiller linear potential term that leads
to Rindler term in the vacuum metric.
• It leads to a vacuum metric that reduces to the
GR vacuum on scales much larger than the β−1 or
the galactic scales. Thus on cosmological scales it is
consistent with ΛCDM . In contrast, the Grumiller-
Rindler term is comparable to the cosmological con-
stant on cosmological scales thus spoiling homo-
geneity and diverging from the standard ΛCDM
cosmic accelerating expansion.
• Due to its non-polynomial form, it involves no IR
curvature singularities while being distinct from the
Grumiller potential thus demonstrating that this
potential is not the only potential free from IR sin-
gularities.
The cosmological effects of the model considered could
be examined under the assumption of the existence of
a large number of homogeneously distributed isotropic
centers leading to large scale homogeneity in addition
to isotropy around a single center (spherical symmetry).
In such a physical setup, the geometric fluid density ρV
defined in eq. (4.5) could be extended on cosmological
scales as a homogeneous and isotropic fluid by replac-
ing r with the scale factor a over the Hubble parameter
H0. Thus, on dimensional grounds the corresponding ho-
mogeneous geometric fluid would have an energy density
scaling as
ρV (a) = − 4αH0
κa(1 + βa/H0)2
(5.1)
where the Hubble parameter H0 has been introduced on
dimensional grounds. The derivation of eq. (5.1) has
been heuristic and based mainly on dimensional analysis.
A proper derivation would involve the detailed superposi-
tion of homogeneously distributed centers of isotropy and
is beyond the goals of the present analysis. Nevertheless,
the following comments can be made on this predicted
geometric homogeneous dark matter
• For β = 0 the geometric fluid energy density re-
duces to the Rindler fluid whose energy density
scales like 1/r or 1/a in a cosmological setup. This
scaling is distinct from the matter density (∼ 1/a3),
the effects of spatial curvature (∼ 1/a2) and the
cosmological constant (constant effective density).
Such a physically motivated and simple term can
be efficiently constrained using cosmological data
probing the evolution of the Hubble parameter
H(a) even though a homogeneous component of or-
dinary dark matter would be required for a proper
fit in addition to the cosmological constant.
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• For β  H0 which is expected for a value of β re-
constructed from galactic rotation curves, the ge-
ometric fluid density (5.1) scales as 1/a3 ie as or-
dinary homogeneous dark matter. Thus such a ge-
ometric fluid would not only provide better fits of
galactic rotation curves but could also provide the
homogeneous dark matter on cosmological scales.
Such a geometric dark matter would have a pre-
dicted scaling signature of the form (5.1) leading to
constraints on β from both galactic rotation curve
data and cosmological data probing the cosmic ex-
pansion rate. The consistency of these constraints
could provide an efficient test for this class of mod-
els.
Other interesting extensions of our analysis include the
following
• The reconstruction of the geometric potential ob-
tained from other special cases of spherically sym-
metric vacua. Such metrics could have oscillating
components leading to oscillating terms in New-
ton’s law at sub-mm scales which appear to be
mildly favored by some short range gravity experi-
ment data [25, 26].
• The use of solar system data, short range gravity
experiments data or other velocity profile data to
impose constraints on the parameters α and β of
the reconstructed potential (4.6).
• The generalization of the dimensionally reduced
modified gravity model (3.7) in different directions
including a more general form of the nonminimal
coupling (beyond F (Φ) = Φ2), the consideration
of f(R(2)) extensions of the dimensionally reduced
model or the generalization of the ansatz Φ = r
used for the derivation of the spherically symmet-
ric vacuum metric.
In conclusion, dimensional reduction in the context of
spherical symmetry offers an interesting point of view
for the modification of GR and can lead to a wide range
of testable physically motivated models for gravity.
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